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Abstract 

 

In this paper, a deterministic mathematical model for transfusion transmitted malaria with sterilizing immunity is developed. 

The model, which consist of seven mutually exclusive compartments for human and mosquito populations has a disease free 

equilibrium (DFE) which is locally asymptotically stable whenever a certain epidemiological threshold, the basic reproductive 

number )( 0R is less than unity. Further analysis shows that the model exhibits phenomena of backward bifurcation where the 

stable DFE coexist with endemic equilibrium which means that making )( 0R less than unity alone does not guaranty the 

control of malaria in the community. Numerical simulation of the model underscores the significance of inclusion of the new 

force of infection for human population. To the best of our knowledge, this is the first mathematical model of malaria to 

incorporate transmission by transfusion. 
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Introduction 

Malaria is a serious and sometimes fatal disease caused by a parasite that commonly infects a certain type of mosquito which 

feeds on human [1]. In 2016, an estimated 216 million cases of malaria occurred worldwide compared with 237 million cases in 

2010, and 211 million cases in 2015. Most of these cases were in WHO African region (90%), followed by WHO East Asia 

Region (7%), and WHO East Mediterranean Region (2%) [2]. There was also an estimated 445,000 deaths from malaria 

globally in same 2016 compared to 446,000 deaths in 2015 and Su-Saharan Africa accounted for 80% of this global figure [2]. 

      In 2016, all countries in WHO European rejoin reported zero indigenous cases of malaria, while Kyrgyzstan and Seri Lanka 

were certified malaria free [2], on the other hand, the United State of America eradicated malaria in 1951.  Malaria remains 

endemic to Su-Saharan Africa with pregnant women and children at the greatest risk of contracting while Plasmodium 

Falciparum being the most active parasite [2]. Usually, people get malaria by being bitten by an infected female Anopheles 

mosquito. Because the malaria parasite is found in the red blood cells, the parasite can be transmitted through blood transfusion, 

organ transplant or the shared use of needles or syringes contaminated with blood. 

      An estimated US$2.7 billion was invested in malaria control and elimination efforts by governments of malaria endemic 

countries and international partners in 2016. This sum was spent on insecticide treated mosquito net (ITNs), rapid diagnostic 

test (RDTs), Artemisinin-based combination therapy (ACT), intermittent preventive treatment in pregnancy (IPTP), etc. [2]. 

From the 2017 and previous world malaria report, there has not been mention of intervention or clear cut programs to mitigate 

the second mode of transmission, transfusion transmission. 

 Meanwhile on a global scale, malaria is remains one of the most commonly transmitted infection [3] and (TTM) studies carried 

out in the Sub-Saharan Africa especially in countries most hit by the

 

malaria menace has shown significant evidence in (TTM). 

Although international policies recommend that blood transfusion should be screened for transfusion infection, malaria  

screening is not performed in most malaria endemic countries, given rise to high risk of (TTM) [4]. With exception of anecdotal  
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of transfusion-transmitted African trypanosomiasis, transmission of protozoa in African through transfusion is largely confined  

to malaria [5]. Education and in-service training for healthcare workers in endemic region is recommended as a means to 

improve (TTM) knowledge in [6]. A recent studies found that the prevalence of malaria infection among blood donors was 

27.54 %, with overall prevalence of asymptomatic malaria to be 10.17% which account for 47.36 % of all malaria infection [7]. 

Another study conducted in a malaria endemic area; Doula-Cameroon reported individual median residual risk of TTM as 5.59 

per 10,000 or 2.64 per 1,000units of blood transfused every year [8]. The study confirmed presence of P falciparum as one of 

the most prevalent transfusion transmitted infections in the region. They conclude by saying that the residual risk of TTM is 

high among blood recipients, urging to conduct in malaria endemic areas, a cost benefit analysis of systematically screening 

blood units for malaria parasites before transfusion versus systematically treating the recipients after transfusion. For other 

articles that have shown significant TTM in malaria endemic areas, see [9 – 12]. 

      Mathematical models of malaria abound in the literature, [13 – 23].  But mathematical models that account for TTM are 

rather scant.  A generic model for estimating the transfusion transmission risk from a group of traveling donors that visited 

emerging infectious disease risk area was developed and analyzed in [24]. The model was applied to the outbreaks of 

Chikungunya virus in Italy in 20017 and Q fever in the Netherlands in 2007 – 2009.  This paper extends previous studies by 

incorporating additional force of infection of human due to transfusion and sterilizing immunity as is common in malaria 

endemic population. 

The model equations 

The SEIRS and SEI epidemiological models where individuals in a community without any form of immunity are classified 

into susceptible, exposed, infected, and recovered compartments will be adopted for this study. The model assumed a 

homogenous mixing of the human and mosquito populations where susceptible individuals acquire infection upon a bite by an 

infectious mosquito and susceptible mosquito also acquire infection while taking a blood meal from an infected human. It’s 

assumed also  that a proportion of the susceptible individual have some kind of sterilizing immunity as a result of their long 

stay in the malaria endemic area. The interaction of human and mosquito is represented by the following system of nonlinear 

differential equations; 
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M IE
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tdI
)(

)(
222   ,        (7) 

where )(),(),(),(),(),(),( tItEtStRtItEtS MMHH M
denote the number of Susceptible Human, Exposed Human, 

Infectious Human, Susceptible Mosquito and Infected Mosquito population at time t  respectively. And  

)()()()()( tRtItEtStN HHH   and MMMM IEtStN  )()( . The meaning and values of the model 

parameters are given in the table below. 

 

Parameter  Meaning  Value  Reference  

H   Recruitment rate of human 
2.5

1day    
[25] 

M  Recruitment rate of mosquito 
5000

1day  
[26] 

2b  Biting rate of infectious mosquito 
0.5

1day  
[25] 

1  Transmission probability from mosquito to human 
0.75

1day  
[25] 

2   Transmission probability from human to mosquito 
0.75

1day  
[25] 

1  Infection rate of human 
0.35

1day  
[25] 

2  Infection rate of mosquito 
0.75

1day  
[25] 

3  Transmission probability from human to human 
0.23

1day  
Assumed 

1  Death rate of Human due to malaria 
0.0232

1day  
[27] 

2    Death rate of mosquito due to malaria 
0.07

1day  
[27] 

1  Progression rate from exposed to infected human 
0.0588

1day  
[27] 

2  Progression rate from exposed to infected mosquito 
0.0017

1day  
[28] 

  Recovery rate of human 
0.0035

1day  
[28] 

1  Natural death rate of Human 
0.00009132

1day  
[27] 

2  Natural death rate of Mosquito 
0.066667

1day  
[27] 

  The rate at which susceptible human acquired sterilizing 

immunity 
0.0002

1day  
Assumed  

    Loss of immunity  0.000136098
1day  

Assumed  

    

Table 1. Model parameters and their values. 
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Figure 1(A). A Plot of the susceptible human population with time.  The susceptible human population is continuously 

decreasing with time, this is due to increase in the number of exposed which leaves the compartment as a result of infection. 

The curve approaches zero because of the inclusion of transmission by transfusion, which means that malaria will always 

remain in the endemic region as a result of non-serious measure to mitigate transfusion transmission   

Figure 1(B). A plot of exposed human population with time. The curve increases with time and then slopes down as a result 

individuals in this compartment moves to the infected compartment at the expiration of their exposed period.    

 

 
Figure 1(C). A plot of infected human population with time. The curve increases initially, then slopes down as members 

recover from the infection. The tendency for the curve to touch zero on the time axis is very slim, which means malaria can 

hardly be eliminated in the community. 

  Figure 1(D). A plot of the recovered human population with time. The curve is on the increase as infected individuals recover. 

Parameter values for the figure are as shown in table 1. 

 
Figure 2. A plot showing the human and mosquito populations, with parameter values as shown in table1. 
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 Basic Properties 

 In this section, the basic dynamical features of the model (1) to (7) will be explored. We 

Claim the following: 

 

2.1 Lemma 1 
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is positively invariant and attracting with respect to the basic model equations (1) to (7). 

Proof 

Adding equations (1) to (4) gives  
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MHH IIE ,, approaches zero. Hence, all solutions 

6

R  eventually enters

D . Thus in D , the basic model (1) to (6) is well posed epidemiologically and mathematically [30]. Hence, it is sufficient to 

study the dynamics of the model equations in D  

Analysis of the model 

3.1 Disease free Equilibrium 

Disease free equilibrium is equilibrium where there is no infection. Therefore, the infected classes will be zero that means that 

the whole population will be susceptible. To find the disease free equilibrium of our model equations (1) to (6), we equate the 

rate of change of our state variables to zero i.e. 

0
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The stability of this disease free equilibrium given by equation (9) will be analyzed via the basic reproductive number 

3.2  The Basic Reproductive Number )( 0R  
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One of the most important concerns about any infectious disease is its ability to invade a population. Many epidemiological 

models have a disease free equilibrium (DFE) at which the population remains in the absence of the disease. These models 

usually have a threshold parameter, known as the basic reproductive number 0R  such that when 10 R , then the DFE is 

locally asymptotically stable, and the disease cannot invade the population, but if 10 R ,then the DFE is unstable and 

invasion is always possible see [31].  

We define the basic reproductive number 0R as the number of secondary infections that one infective individual would create 

over the duration of the infectious period provided that everyone else is susceptible. Our model is suited for a heterogeneous 

population in which the vital and epidemiological parameter for an individual may depend on such factors as the stage of the 

disease, spatial position, etc. however, we assume that the population can be broken into homogeneous subpopulation or 

compartment such that individual in a given compartment are indistinguishable from one another.  

We use the next generation matrix approach as seen in [32] to derive our Basic Reproductive Number 0R . Numerous other 

articles [33, 34, 35] are devoted to the calculation of basic reproductive number 0R  for different models of various diseases. 

Here, the basic reproductive number 0R is the spectral radius (dominant eigenvalue) of the product matrix  

IFV 
, i.e  )(0

IFVR    

Our model has three Infective compartments namely the Exposed Human
HE , Infected Human, HI  Infected Mosquito MI

Exposed compartments. It follows that the matrices F and V for the new infective terms and remaining transfer terms 

respectively are given below. Where the entries of F and V are partial derivatives of )(xf i and )(xvi . For our model, F and V 

are given below. 
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Interpretation of 0R  

Susceptible mosquito acquire infection following effective contact with an infected human HI . The number of mosquito 

infections generated by an infectious human is given by the product of the infectious rate of infectious human 2 , the 
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From (13), (14) and (15), (12) can be written as  
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Where MHHM RR   is the 0R  for mosquito  human transmission only, the 
2

1
and 4 that appear in the expression results 

from averaging two modes of transmission, mosquito and human based. The square root accounts for the generation of two 

populations while the square in 
2)( HHR is to balance the mosquito  human transmission 

Theorem 1 The disease free equilibrium is locally asymptotically stable when 10 R  and unstable when .10 R  

Proof The local stability of the disease free equilibrium is a direct consequence of [32] and shows that the model equations (1) 

to (7) satisfies five assumptions 51 AA  in [32], and that ends  
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Figure 3       figure 4 

Figure 3.  Simulation of the model showing a 2D contour plot of the basic 

reproductive number 0R  as a function of human to human infection rate 3 , 

and progression rate from exposed to infectious human 1 , parameter values 

are as shown in table 1. 

Figure 4: simulation of the prevalence of TTM as function of the human to 

human infection rate 3 . 

The above figure underscores the long neglected transfusion transmitted 

malaria. The prevalence of the diseases is seen to increase with increase in 

contact rate due to transfusion. 

Figure 5: Simulation of the model showing a 3D contour plot of the basic 

reproductive number 0R  as a function of human to human infection rate 3 , 

and progression rate from exposed to infectious human 1 , parameter values are as shown in table 1. 

3.3 Global stability of disease free equilibrium  

To ascertain the global stability of the disease free equilibrium (DFE) we adopt the approach of [32, 36, 37]. Consider the 

infected compartment of the model equations (1) to (7) 
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let iF  be the rate of appearance of new infections in compartment i and  
  iii VVV  be the difference between the rate of 

transfer of individual out of and into compartment i  by all other means, we can write (16) in terms of ii VF   (rate of 

transfer in compartment i), taking the Jacobian of iF  and iV  as F and V respectively, we have: 
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We write equations (1) to (7) as )( ixDf for ni ,...,2,1  where mi ,...,2,1 are components in the infectious 

compartments, and nm  . Using 0E  as the DFE which is locally asymptotically stable and considering conditions (i) to (v) 

in Lemma 1 in [32] we rewrite the Jacobian matrix of (1) to (7) at 0E as a block matrix; 















32

1 0

0EJ                                                  (18) 

1  is a  non - singular matrix (F – V ) and 3 has eigenvalues with negative real parts. Based on the [32], inequality (17) is 

stable when 10 R . And it follows from [34, 37] that as ,t  then 0),,,,( EtIEIE MMHH    which implies that 0E  

is globally asymptotically stable (GAS) 

3.4 Existence of endemic equilibrium  

This is an equilibrium state where at least one of the infected compartments is non-zero. In order to find the Endemic 

equilibrium for our model equations (1) to (7), the following steps are taken. We let  **************

1 ,,,,,, MMMMHMH IESRIESE   

represent any arbitrary point of the Endemic Equilibrium of our model equations (1) to (7), further, let; 

**

**

3

**

1** )(

H

HM

H
N

II 



  and 

**

**

2** )(

H

H
M

N

I
        (19) 

Further we let  








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

KKK

KKKK
    (20) 

Such that the right hand side of our basic model (1) to (7) becomes 

0
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0

0

0
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Solving (21) we have; 

 

 

 
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
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
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
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










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
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


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

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2
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5

**
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41

**

1

**
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41
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1

**
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1
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1
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)()(
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S
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R
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E
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S

M
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M

M
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M
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M
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H
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H
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

























                         (22) 

Substituting (22) into (19) we have; 

 
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**

1
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112** )()(

H

HHH
m

NKKK

KKK







      (23) 

and 

 
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2

**
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H
















        (24) 

Substituting (23) into (24) it can be shown that the non-zero equilibrium of the model equation is described by the quadratic 

equation in terms of )( **

H given below 

  

 0)( **2**  CBA HH          (25) 

where 
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2
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KKKKKKKA

HHHH

HHHMH

H

Thus, the positive endemic equilibrium of the model (1) to (7) can be obtained by solving (25) and substituting into (22). It can 

be seen that the coefficient A of (25) is always positive while C  is positive if 0R  is less than unity and negative if 0R  greater 

than unity. Thus the following result is claimed.  

Theorem 2. The basic model given by (1) to (7) is characterized by 

one unique endemic equilibrium if  ,0B and 0C or ,042  ACB  

one unique endemic equilibrium if ,10 0  RC  

two endemic equilibrium if 0,0  BC  and ,042  ACB  

no endemic equilibrium otherwise. 

Case (iii) above suggest the possibility of backward bifurcation where local stability of DFE co-exist with endemic equilibrium 

even when 10 R . This prompted the bifurcation analysis. 
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3.5 Local stability of Endemic Equilibrium and Bifurcation analysis 

To prove that the endemic equilibrium (22) of the model (1) to (7) is locally asymptotically stable, we perform bifurcation 

analysis at the DFE using the Centre Manifold theorem as described in [38]. 

In order to apply this theorem, we first make the following change of variables. Let  

76543,21 ,,,,, xIxExSxRxIxExS MMMHHHH  , so that 43,21 xxxxNH 
 

and 765 xxxNM   further, using the vector notation,
TxxxxxxxX ),,,,,( 76543,21 . 

 Then our model equations (1) to (7) can be written in the form  

Tfffffff
dt

dx
),,,,,,( 76543,21 , such that: 

 

77627
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66
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41
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xxxx

xx
f
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f
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xkxxf
dt

dx
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dt

dx
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f
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dx
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xf
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M

H












































            (26)             

From  (11b), (20) and (26)               

Suppose that 
* is taken as the bifurcation parameter, where 3

*   , and considering where the basic reproductive number

10 R , then solving for  in 0R , we have; 

  **

2121

****

7632

2**

176

****

7632
3

4

2

HMHMHM

HM

SSNNKKKKSNKK

NNKKKK





  

 then linearizing (26) at DFE point 0E  when 
*  gives the Jacobian 

*

0J which has a trivial zero eigenvalues, while the rest 

eigenvalues has negative real part. 
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The theorem is produced below for convenience. 

Theorem 3 Consider the following general system of ordinary differential equations with a parameter . 

nn RRRxf
dt

dx
 :),(  and )(2 RRCf n    (30)  

 where 0 is an equilibrium point of the system (that is, 0),0( f  for all  ) and  

(A1) 












 
 )0,0()0,0(

j

i
x

dx

f
fDA is the linearization matrix of the system (30) around the equilibrium 0 with   evaluated 

at 0; 

 (A2) Zero is a simple eigenvalues of A and other eigenvalues of A have negative real parts; 

(A3) Matrix A has a right eigenvector w  and left eigenvector v   (each corresponding to zero eigenvalues). Let kf be the kth  

component of f  and;  


 




n

jik ji

k

jik
xx

f
wwva

1,,

2

)0,0(   
 




n

ik i

k

ik
xx

f
wvb

1,,

2

)0,0(


      

then, the local dynamics of the system (30) around equilibrium point 0 is totally determined by the signs of a and b, particularly, 

,0,0  ba when 0 with 1  0 is locally asymptotically stable  and there exists a positive unstable equilibrium; 

when 10  , 0 is unstable and there exists a negative, locally asymptotically stable equilibrium; 

(ii)   ,0,0  ba when 0 with 1 , 0 is unstable; when 10  , 0 is locally asymptotically stable 

equilibrium  and there exists a positive unstable equilibrium; 

(iii)   ,0,0  ba  when   changes from negative to positive, 0 changes its stability from stable to unstable. 

Correspondingly a negative unstable equilibrium becomes positive and locally asymptotically stable 

Eigenvectors  

The Jacobian 
*

0J  has right eigenvector associated with the trivial eigenvalues zero given by  

 Twwwwwwww 7654321 ,,,,,, . 
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 Solving (27), we have; 
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Similarly the left eigenvalues of 
*

0J corresponding to the trivial eigenvalue zero is  7654321 ,,,,,, vvvvvvvv  . 
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By solving (29), we have; 
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Computation of a  and b   

Since  for ,5k then 7,6,4,3,2,1k should be considered. That is, the following functions will be used to find a  and 

b  from the system. 
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But at DFE 

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Hence, the associated non-zero partial of f  at the DFE for 62 , fff   are given by; 
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and 

 

As a corollary to the above when ,0,0  ba  the bifurcation at 0 is subcritical (backward bifurcation) 

Conclusion 

The model in this paper represents the transmission of malaria between the mosquito and human population. Two major 

assumption were made; 

That transmission from human to human via blood transfusion is significant in malaria endemic regions as pointed out by 

relevant literatures here cited.  

The model also assumed that susceptible human in same endemic areas develops a sterilizing immunity as a result of their long 

stay in such communities. This second assumption is quite different from what is common in the literature where human 

acquire immunity upon recovery from infection. 

The model has a DEF that’s is locally and globally stable and an endemic equilibrium which coexist with DEF even when

10 R , thus suggesting the phenomena of backward bifurcation. Contour map of the basic reproductive number 
0R  as 

function of the transmission rate (human to human) 
3 and the progression rate from exposed human to infected human

1

shows the range of values of 
3 for which 

0R  is 1  and 1  figure 3 and figure 4. Simulation of the prevalence as a function 

3 is also given in figure 5 while figures I and 2 respectively depicts the four human subpopulations and the various 

populations of the model.  
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