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Abstract. Modelling of heat transfer through the finned hollow cylindrical surfaces of an insulation testing rig
(ITR) is the main concern of this work. A differential volume approach was employed in developing thermal
differential models. The analytical solutions of the emerging models were sought to establish the actual mathe-
matical functions governing the thermal behaviour of the cylindrical surfaces of the ITR. Moreover, modelling
and simulation was accompanied by experimentation. The mathematical functions describing the behaviour
of the ITR were made-up of Euler exponential and linear functions. The simulated results validated well with
the distributed experimental data. Besides, the thermophysical properties; fin parameter (12/m), thermal con-
ductivity (51.929 W/mK) and thermal diffusivity (0.0000036883 m?/s) of the mild steel cylindrical surfaces
were established from the analysis which in good agreement with the literature results (54 W/mK; 0.00000367
m?2/s). Moreover, the thermal distribution coefficients (0.333333 ~ 0.492247) gave rise to the solution of ther-
mal dynamic model which conformed to the experimental results. Hence, the good agreement between the
present and literature results supports that analytical technique could be employed in determining the thermo-
physical properties of materials. Moreover, the present work recommends that the ITR should be employed in
verifying the thermophysical properties of several materials.

Keywords: Modelling, model solution, simulation, heat transfer, fin parameter, thermophysical properties,
ITR.

1 Introduction

Fundamentally, insulation testing rig is a novel equipment for determining the thermophysical properties of
materials via modelling (analysis) and experimentation. The design and fabrication of insulation testing rig has
been accomplished by Nnamchi et al. [13]. The three fold design encompasses geometric, stress and thermal
designs of the equipment. The sensible behaviour of the insulation testing rig has not been systematically
investigated and needs to be accomplished through modelling and simulation of the system (ITR).

Modelling is an art of discovering the mathematical functions which characterize the real behaviour of an
engineering system. In accordance Oko [15] opined that modelling is an art of representing nature (real-world)
into mathematical terms. Moreover, Eykhoff in [18] defined a mathematical model as “a representation of the
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essential aspects of an existing system (or a system to be constructed) which presents knowledge of that system
in usable form”.

Precisely, thermal model is a collection of differential equations, which is capable of describing the in-
tricate behaviour of a typical engineering system [11]. Integration of the differential equations gives a closed
model solution, which is a combination or assemblage of different mathematical functions capable of predicting
the behaviour of an engineering system satisfactorily. Primarily, thermal models are formulated by application
of energy conservation principles on a differential or elemental volume of an engineering system. Explicitly,
the governing assumptions for simplifying the differential model have to be stated. According to White [23] too
many assumptions make the model solution or simulated results to appreciably deviate from the experimental
results. Thus, a good model should be developed on minimal assumption for there to be a strong agreement be-
tween the empirical and simulated results. Consequently, a minimal assumption will be considered in modelling
heat transfer through the insulation testing rig (ITR) sequel to difficulty in measuring the mid-fluid tempera-
ture between the two cylindrical surfaces. Systematically, the mid-fluid temperature will be based on individual
contribution of the inner and outer heat transfer fluid temperatures.

Conventionally, the analytical (exact or closed) solution is ideal for less complex engineering systems
like the ITR whereas the numerical solution is appropriate for more complex engineering systems. For the
purposes of precision and proof of new ideas, the analytical solution is preferred to numerical or approximate
solution. However, Creosteanu et al [3] is of view that equal accuracy is attained with a much smaller step
size of numerical iterations, which may culminate in good agreement between the analytical and numerical
results. Nevertheless, the present work is of opinion that analytical solution should be given priority in solving
the developed differential equations. In accordance, the current work will strive to provide analytical or closed
solutions to the emerging initial value problem (IVP), boundary value problem (BVP) and distributed problem
(IBVP) upon superposition of IVP and BVP.

Pertinently, the specific solution is to be obtained by careful description of the initial condition and bound-
ary conditions such as Dirichlet (first kind boundary condition), Neumann (second kind boundary condition)
and Newton (third kind boundary condition) which represent the potential, flux and mixture of potential and
flux, respectively [2]. The specific model solution will be useful for simulation, which has an added advantage
of presenting a detailed information about the engineering system being considered. However, experimentation
is necessary for the validation of simulated results from the model solution [22]. Hence, modelling and simula-
tion cannot standalone; it must be accompanied by measurement (experimentation). In compliance, the present
work will present both experimental and simulated data for the holistic analysis of the ITR.

Consequently, the important thermal properties of the system (ITR) could be derived from the post pro-
cessing of the experimental and simulated data. Therefore, the present work is expected to unveil or derive the
thermal conductivity from the fin parameter and thermal diffusivity of the bare cylindrical test surface of the
ITR or that of an overlaid insulating material on the ITR from the time additive solution of the thermal model.
Moreover, the benefit of modelling and simulation of an engineering systems goes beyond the art of discovering
the physical properties of the system; it furnishes information which are difficult to access by measurement as a
result of restriction on the system configuration. Similar challenge will be encountered in the ITR in measuring
the mid-fluid temperature between the concentric cylindrical test surfaces. Besides, modelling and simulation of
ITR offers an analytical technique for determining the thermal conductivity and diffusivity of materials which
does not require sophisticated equipment nor special test condition compared to other test techniques or equip-
ment like heat flow meter [5], guarded heat flow meters [19], guarded hot plate instrument [10], flash diffusivity
methods [12], calibrated hot box [9], and inverse problem method [8].

Thus, the present work is aimed at; developing mechanistic or differential thermal models capable of
describing the behaviour of the ITR, solving the emerging differential models, validating the model solution
and deducing the thermophysical properties of the mild steel surface or an overlaid material(s). The rest of
the synopsis is; materials and method with experimentation and model formulation inclusively; the detailed
discussion of the results; conclusion on the detailed results; and the references.
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2 Materials and method

The proposed state of the art requires availability of the following materials: an insulation testing rig (ITR),
digital multimeters (thermocouples), vernier caliper, measuring tape, stop watch, electrical heater, marker and
rubber clips for the experimentation; formulation of mathematical model and simulation of the thermal fluxes
(conductive and convective) around the cylindrical surface of the ITR.

2.1 Experimentation

The cylindrical surface of the ITR was fitted with five UNI-T (UT33C+) and one Allsun (EM420A) dig-
ital multimeters (thermocouples) to measure the spatial temperature distribution along the cylindrical surface,
while the seventh thermocouple, UNI-T (UT33C+) was permanently inserted into the finned bath for measuring
temperature of the interior working fluid (air), whereas the eighth and last multimeter UNI-T (UT33C+ ther-
mocouple) was used to measure the temperature of an external working fluid (air). A stainless vernier caliper
(TOKYO) was used to gauge the diameter of the cylindrical surfaces. The measuring tape (AMS56 50m Tape
measure) and marker (MK-MP10) was used to calibrate temperature measuring points. The tips of the multime-
ter were fastened on the cylindrical surface with the aid of the rubber clips. The experimental data were logged
while cooling the heated ITR. Temperature was recorded on two minutes interval until a steady state condition
was almost attained at 2.34 hours (= 2:20:30). The experimental setup is pictorially represented in Fig. 1.

Fig. 1: Insulation testing rig with a projected cylindrical test surface.
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2.2 Model formulation

Considering energy balance around the concentric cylindrical differential volume in Fig. 2 and Fig. 3;
component energy balance equation or uncoupled thermal model will be developed. The component balance
constitutes energy balance on the outer (o) and inner (z) cylinders.

Analytically, the thermal potential is varying in space (x-axis) and time; it is well-known as the excess
temperature between the cylindrical surface and fluid surrounding them.

The thermal fluxes consist of conductive thermal flux (Q),) which flows in the direction perpendicular to
the cross sectional area whereas the convective flux (d@)) flows perpendicular to the curved surface or perimeter
of the cylinders.

o
| Ghofr=0) Tow
i A
4
Ohi(x=0) I I @ Tt axTi
* de(x =1) 1|
HE 2]
> k————=h, (6, = 0)i| | ¢
5 Ti dx l( i )I
_. I -
................................................ +
b
¥
v
Convective flux o Conductive flux e

Fig. 2: Vectorial representation of heat flux on the cylindrical surface of an insulation testing rig.

The thermal transport between the two cylindrical bodies results in uncoupled heat transfer equations. The
unsteady state excess temperature balance along the cylindrical surface is expressed in Eq. (2) as follows:

Energy accumulation within the cylindrical surface = energy input across the cylindrical surface

- energy output across the cylindrical surface. S
Thermal balance at the outer cylinder is given in Egs. (2) and (2) as
00, 026,
Acop cp ﬁ = kAcoW - hooPooeo + hoi Po; [(wzj—‘zoo + (wo - 1) Tooo) - 90] (2)
where
90 = 1lgo — Tooo§ (Wszoo + (Wo - 1) Tooo) - 00 = w;iTioo + Wolhoo — Tso 3)

where A.,(m?)is the cross sectional area of the outer cylinderical surface available to the conductive thermal
flux, 6,(K) is the excess temperature along the outer cylindrical surface, (kg/m?) is the density of the cylin-
drical surface, cp(kJ/kgK) is the heat capacity of the cylindrical surface, (s) is the time required for the
heat transfer, k(W /mK) is the thermal conductivity of the cylindrical surface, z(m) is the dimension in x-axis,
hoo(W/m?K) is the convective heat transfer coefficient between the outer cylinder and ambient, h,; (W/m?K)
is the convective heat transfer coefficient between the outer cylinder and mid-fluid, Ty (K) is the ambient tem-
perature, T} (K) is the fluid temperature within the inner cylindrical surfaces, P,,(m) is the perimeter of the
outer surface of outer cylinder available to convective heat flux, P,;(m) is the perimeter of the inner surface
of outer cylinder available to convective heat flux, w;(—) and w,(—) is the individual contribution of T}, and
Tooo, respectively to the mid-fluid temperature, T, is the temperature of the outer cylindrical surface, and T;
is the temperature of the inner cylindrical surface.
Similarly, thermal balance around the inner cylinder is expressed in Egs. (4) and (5) is as follows:
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uipen 20 1 L0 Pt 4 hiPa (1 — ) e — woTose — 0] @)
ciP CP ot G2 ioL j0V4 i 4750 i) i o1 oco i
where
91’ =Ty — (WZEOO + WDTOOO) ) (1 - Wi) Tioo — Wolpoo — ‘92 =Tio — T (5)

where A.;(m?) is the cross sectional area of the inner cylinder available to the conductive thermal flux,
0;(K) is the excess temperature along the inner cylindrical surface, h;;(WW/m?K) is the convective heat transfer
coefficient below the inner cylinder, h;,(W/m?K) is the convective heat transfer coefficient between the inner
cylinder and mid-fluid, P;;(m) is the perimeter of the inner surface of the inner cylinder cylinder available to
convective heat flux and P;,(m) is the perimeter of the outer surface of the inner cylinder available to convective
heat flux.

Qx.omx Qx.ihf‘-x

dchn\’.uu

Qx +0

Fig. 3: The differential volume of thermal flux on the cylindrical surfaces

Rearranging Eqs. (2) and (4) yields Eq. (6) for the outer cylindrical surface
800 k 8290 hooPooe + hoiPoi

_— = — o zﬂoo 0_1 Tooo _00 6
ot pep 0x2  Acopep Acopep e T (o = 1) Tooo) = 0ol ©
and Eq. (7) for the inner cylindrical surface
0;  k 0*0;  hioPi hii Py
0 = 0 0; + [(1 - Wi) Tioo — Wolpoo — 92] )

Ot pep 0z Agpep ' Acipep
respectively.
The thermal diffusivity, a(m?/s) of the mild steel cylindrical surface is defined in Eq. (8) as follows:

a=— (8)

and the unsteady state fin parameter, n2(1/s) for the outer cylindrical surface is given in Eq. (9) as

2 _ hooPoo + hoiPoz' .

n _ hoiPoi
Acop cp

Acopcp

*

(wiﬂm + (wo - 1) Tooo) (9)

7
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and the unsteady state fin parameter, nf for the inner cylindrical surface is stated in Eq. (10) as follows:

2 i1 iodio & L 1s
P — 1y = 1 —wi) 10 — | 10
n lcipcp n JciPCP (( Wz) i Wo ooo) 10)

where n and n; is unsteady state nonlinear heat source term in Eqs. (6) and (7), respectively.
Also, imposing steady state condition to Eqgs. (6) and (7) gives Eq. (11)
d290 hooPoo hoiPoi

7 A b g (@iiso + (wo = 1) Tooo) — 6] (In

and Eq. (12)
d?0;  hioPi hi; Py;
72 — Acik) 91 + Acik [(1 — wz’) Tioo — Wolbhoo — 9@} (12)
respectively.
Letting
hooPoo + hoiPoi . hoiPoi
mg _ Ttoo 0104001{: 0i Ol; o = ZZCOZ: (WzT’zoo + (Wo — 1) Tooo) (13)

in Eq. (13) and
hi: P+ hio P Boi P
2 _ Ml iolio s _ Niil7i N
m; Amk‘ 3 T Aczk ((1 Wz) Tico WoTooo) (14)

in Eq. (14).

where m2 and m? is fin parameter at steady state condition, m;; and m} is nonlinear heat source terms in
Egs. (11) and (12), respectively.

Then, Eq. (11) is rewritten in Eq. (15) as

d*0,

5 m20, +m’ =0 (15)
and Eq. (12) is simplified in Eq. (16) as

d?0;

7~ m20; +m} =0 (16)

Thus, a fin parameter for the steady state condition (m2) is related to the one for unsteady state condition (n?2)
in Eq. (17) for the outer cylindrical surface as

2 * 2 *
n n n n
mi=—"2mi="2—=a= 5 = — a7
o o ms  ms
and in Eq. (18) for the inner cylindrical surface as
2 * 2 *
m?:—’;m}":—l;:a:—g: - (18)
o o m;  m;

k3

Solving the boundary value problem (BVP) origninating from Eq. (15) for a complementary (homoge-
neous) solution and particular (nonhomogeneous) solution by method of undetermined coefficient yields the
general solution of Eq. (15) in Eq. (19) as follows:

*

B, () = Cro€™" + Cooe™ ™" + =2 (19)

o

Similarly, solving the BVP in Eq. (16) for both complementary solution and particular solution by method
of undetermined coefficient gives the general solution of Eq. (16) in Eq. (20) as

0; () = Cpie™ + Coe™™ 4 4 20)

7
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The specific solution of Egs. (19) and (20) is obtained by imposing experimentally supported boundary condi-
tions as depicted in Fig. 2 and in Eq. (21) for the outer cylindrical surface

(90 (LU = 0) = 9(,00; 90 (.T = l) = 901 (21)
and in Eq. (22) for the inner cylindrical surface

dgz Tz =1 hz‘

Then, Eq. (19) is defined in Eq. (23) as

Ov00 +(m§/mg) (e’m"lfl)fGOle’mOl

0 * 2 mol __ —0, mol *
0, () = boo +(mg/m3) (e 1)—fore emo® Mot | %

1_62m0l 1_672mol 2
* 2 mol _1)_ mol * 2 —mol _1)_ —mol
= 8, (o) = Dot ) ) e s )T ) O (2
+ hoiPoi (WiTioo+(wo_1)Tooo)
hooPoo+hoiPoi

whereas Eq. (20) conforms to Eq. (24)

0; (:L') = ;€™ + Chje™ ™" + mj/m?
Opio—m) mf e~ il b0 /mik )
9i (LE) = ( - {emi)l—&-emil e et +
+hiiPii((1_wi)Tioo_onooo)
hii Pii+hioPio

(Opio—my /m2) e™il —hio0; /mik
(emil—‘,—e*mil)

e i (24)

Substituting Egs. (8)-(10) into Egs. (6) and (7) gives the simplified form of Egs. (6) and (7) in Eq. (25)

00, 9%, R 100, 0%, .
o « 22 — noeo +n,, = aﬁ = or2 — moeo +m, (25)
and Eq. (26)
00; 020, 9 100; 026 9
9 — .2 n;0; +n;; = Tl m;0; +m; (26)
respectively.

The solution of Eqgs. (25) and (26) is sought by method of additive separation in Eq. (27) for the outer
cylindrical surface

00, dp, 00, _ dio 070, _ d*iy

o (2,1) = 9o (1) + o (@) ot dt’ oxr  dr’ 0x2  da? @7)
and Eq. (28) for the inner cylindrical surface
)=o) B = e Tl e T e
For the initial conditions in Eq. (29)
O (2,0) = Oo0; 0; (2,0) = Oyig¥ 0 <z <1 (29)

Substituting Eqgs. (27) and (28) into Egs. (25) and (26), respectively gives separable functions in terms of time
and space with the separation constants A", \!" in Eq. (30) for the outer mild steel cylindrical surface [6]

07"

t) — /\5 =0; => d%t(t) + amfgoo (t) — a)\f =0; d23;§x) — mgwo () +m} — )\5 = o;

+ (
I'=1,2,---,00 (arbitrary integer number)

(30)
and Eq. (31) for the inner cylindrical surface
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éd )+m?¢z(t)—A =0; = d%(t) + am’ 20, (t )—aAf: ,dzll;fg m2; (x )+m;f‘—)\f:o;
3 r=1,2,.---, (arbltrary 1nteger number)
(31
respectively.

Solving the time dependent function in Egs. (30) and (31) by method of integrating factor and imposing
initial condition yields Eq. (32) for the outer cylindrical surface on cooling basis

r

A
_ —am?2t o _ —am?t
®o () = Oboo € + mg (1 € ) (32)

and Eq. (33) for the inner cylindrical surface on a cooling basis

A
pi (1) = g e 4 2oy (1= emomit) (33)
7
respectively.
Also, solving the space dependent function in Egs. (30) and (31) for both homogeneous and nonhomoge-
neous solutions and imposing the boundary conditions gives the specific closed solution of Eq. (30) in Eq. (34)

as
O+ (ma=0) fm2) (el 1)yt

bo (z) = ATl et (34)
B0 +((m;—A§)/m3)§e*;nol—1)—aoze*mol o | MEA AF
l1—e—4mo
and that of Eq. (31) is given in Eq. (35) as
v, (o) = Lo L) bl e
(Puo=(mi =AY ) ik G
+ (emil—‘,—e*mil) €

The eigenvalue, A\, ;& = 1,2,...,00 in Egs. (31) and (32) is obtained by transcendental equation [1] for the
boundary conditions specified in Fig. 2 is expressed in Eq. (36) as

hio a
Ao tan (Ao ploo) = ——2beth (36)

kmaterial
Similarly, the eigenvalue, A; ;& = 1,2, ...,001n Egs. (31) and (32) is computed by the transcendental equation
[1] for the boundary conditions specified in Fig. 2 is written in Eq. (37) as

b ii ba
)‘@k tan (/\ijl“) = ﬂ (37)

kmaterial

A specific solution to Eq. (25) is proposed to be governed by different contributions from IVP and BVP for the
outer cylindrical surface in Eq. (38)

0o (2,t) = Ao, (t) + Bothy () =

o

Ob00 +((m§—)\£)/mg)(emol_l)_gmemol .

_ 2 mol
01)00 e amgt 1—e2mo 38
Opo0 + mz—)\g mg e~ mol_1)—fg e ol _ ( )
Ao +)\£ 1_ efamgt + B, 4 e (( ){_eggmol ) Mo
m2 mi—Al
+ m2 “

and similar solution to Eq. (26) is given in Eq. (39) for the inner cylindrical surface

0; (7,t) = Aipi (t) + Bivi (z) =

(Obio—(m;—=AL") /m2) e ™' 4-hioby /mik i

—amlt emil el
A Obos ™ B. (Oio—(m; —A") /m3) emi' —hioha/mik _p, o (39)
t +’\i (1_e—am?t) + b + (;mil+e—mil) e
m; mr-AI
i
m

i
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where A, and B, are thermal distribution coefficients of IVP and BVP in Eq. (40), respectively. The thermal
distribution coefficients A, and B, in Eq. (40) are established by the principal condition; 6, (0,0) = 6, ,
90 (0’ 0) = AOSOOO + BO ¢00 = 91)00 (40)
and minor conditions; 6, (0,00) = 0;0, (,0) = 0 and 6, (I, 00) = 0 in Eq. (41) as follows:
90 <O7 OO) = Aosoooo + BO woO = 07 90 (l7 0) - AOSOOO + Baw ol (l OO) Aogpooo + BO wol = 0 (41)
Combining Egs. (40) and (41) yields the thermal distribution coefficient A, in Eq. (42)

AO — 01700 woo (42)

(SOOO - 2@000) (woo + (pﬁ%)

and B, in Eqgs. (43)

eboo (43)

Yoo¥o
(Vo + g
Remarkably, o, = 0,= A, = B, = 0.5 thus, there is existence of a true solution, 6, (z,t) 34, = B, < 0.5.
Similarly, A; and B; could be established by the same technique.

B, =

2.2.1 Parameter estimation
The perimeter of the inner and outer surfaces of the out cylinder in Eq. (44) is defined as follows:
Poo = mDoo; Poi = TDy; (44)
whereas the perimeter of the inner and outer surfaces of the inner cylinder in Eq. (45) is well-defined as
Pii = mDji; Pio = mDjp (45)
The cross sectional area available for conduction at the outer cylinder is given in Eq. (46) as
T
Ao = Z (Dgo - Dgl) (46)
The cross sectional area available for conduction at the inner cylinder is written in Eq. (47) as
7r
Aci = (D7, — D?) (47)

where D is the diameter of the cylindrical geometry.
According to Nnamchi et al. [13] and Nnamchi et al. [14] the external heat transfer coefficient at the outer
cylinder is expressed in Eq. (48) as
k .
hoo = 7= (0193 ReBEI Pr'/3) 3 Pr > 0.70, 4000 < Doy < 40000 (48)

00

whereas the internal heat transfer coefficient on the horizontal surface [20, 21] is stated in Egs. (49)-(51) as
follows:

by 0.387Rap) " ’ —1 12
hoi = 0.60 + [ 559/Pr)9/16] 8/27 for 1077 < Ra, <1077, (49)
RaDOi — GTDDi 1:)147 GTDM. — g( ) 6 [(“:,'LZ;ip<|2>(.uo,1—‘oo)*Tso}7 Pr — Maizjfair
and
W 0. 387Ra1/6 2 . 19
hio =~ 0.60 + [14_(0'559/1309/16] /27 for 107+ < RaDiO < 10%, (50)
Rap. = GTD, Pr: GTD _ 9(Di)’B [TZ /(;JzTn'-f'WoToo)]7 Pr = /‘ai]g;iair
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and )
L kan 0.387Ra )" . 1
hii =~ - {0.60 + [+(0.550/Pr)" 10] 5727 for 107" < Ra,, <10%, (51)
)3 i—Lq air 1
RaDii — GTD“ PI', GTD“. — g (Di;) 52511;1 Tloo)’ Pr = H k;imr
Also, the convecctive heat transfer coefficient in the bath is given in Egs. (52) and (53) [14] as
h ko § (.825 DTRa 2 107! < Ra, < 10"
,bath ~ . . + [1+(0.492/Pr)9/16] 8/27 fOT‘ < a’l“- < ) (52)
lii 8 TzoofTsz air air
Ralii - Grln’ Pr; Grln‘ - alle) iz(/ﬁ2 )’ Pr = %
and )
h ~ air J 0,825 0387 Ray 107 < R 1012
iobath =~ 7, ) T [1+(0.492/Pr)?/16] 8/27 for < ha, < ) (53)

Ra,

10

3
— GT . Pr, GT' = g(lio) ﬁ ((LUiTi;o‘ngTooo)_Tso), Pr — M
Lio lio M /p kair

where k(W/mK) is the thermal conductivity, Pr(—) is Prandtl number, Ra(—) is Rayleigh
number,h(W/m?2K) is the convective heat transfer coefficient, Gr(—) is Grashoff number, I(m) is the length
or dimension of the bath, (m/s?) is the gravitational constant, and the thermophysical properties of the fluids
found in Eqgs. (48) - (53) are defined by mathematical correlation in Table. 1 [14, 16, 17].

3 Discussion and results

The presentation of results and subsequent discussion of the results is carefully articulated in this section.

3.1 The input data

Table 1: Thermal properties of the working fluids (air and water) at the fluid temperature

St Parameter Unit Equation

Air Water

T T T
T, Org )

1. Temperature coefficient,3 T
p = 754.3079871 + 1.8813

—~
=l
~—1

2. Density,p pooe p=2.1313 — 0.0037}, » 9843, — 0.0035831Ti2m
_ -6 _8
3. Viscosity. s e PR T e 146030867076.91 72
4 Heat capacity. ¢ J/kgK:; cp = 1031.31 — 0.2047 Tos cp* = 5.476 — 0.008178
' pacily, e KJ/kgK* +0.00042 T2 T; oo + 0.00001372_
5. Thermal conductivity, k M k = 0.0121e(0-0025 7o ) k= 0.0223 T0-5%02
6. Air speed, u m 1.4

S

Table. 1 is the summary of the thermal properties of the heat transfer fluids employed in the experi-
mentation and in computing the numerical values of the working fluids properties. The characteristic roots or
eigenvalue of the transcendental equations (Egs. (36) and (37) commensurate to the boundary conditions in Fig.
2 have been solved by Ozisik [1] for the first six roots. However, the results are made handy by transforming
them into regression models in Table. 2 for the wide range of ratio of convective heat transfer coefficient to the
thermal conductivity of the material (mild steel sheet). The regression coefficient, R? in Table. 2 portrays that
there is strong correlation among the separation constants since R? is virtually unity for the models.

3.2 Results

Table. 2 presents the experimental results (cooling data) obtained from the operation of the ITR.
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Table 2: The separation constants of transcendental equations (Egs. (36) and (37))

St Root of transcendental equation Regression
coefficient, R?

A6 =~ 15.705980232456 + 0.069430947598 (h/k)

1. —0.001647564096 (h/k)? + 0.000021069658 (h/k)° 1.0000
—0.000000135856 (h/k)* + 0.000000000345 (1 /k)°

2. s &~ —51.833 + 6.9285 Ag—0.1801 A2 1.0000

3, A & —123.21 + 15.253 A\g—0.4335 Ao 1.0000

4. A3 & —223.16 + 27.086 \g — 0.7944 \g2 0.9978

5. Agzﬁbp(—%MB3+272&Hn(&)—6&ﬂ3@MAgf);A3>0 0.9986

01546 + 0.3514 In (h/k) — 0.00496 (In (h/k))* — 0.0042 (In ((h/k)))?

6. A\ =~ FEzxp 4 g ; 1.0000

+0.0006 (In (h/k))* + 0.00008 (In (h/k))

h/k > 0.

3.3 Discussion

Pertinently, Fig. 4 and Fig. 5 reveal the mathematical functions governing the real behaviour of the ITR;
the excess temperature for the various mid-fluid temperatures and fixed steady state fin parameter; and the
excess temperature for variable steady state fin parameters and fixed mid-fluid temperature, respectively. The
mathematical functions are made up of Euler exponential functions associated to the homogeneous solution of
the inherent boundary value problem (BVP) and linear function emanating from the nonhomogeneous solution
of the differential or mechanistic equations of BVP.

Similarly, both mathematical functions characterized the solution of initial value problem (IVP).

Significantly, a low steady state fin parameter indicates that the material or surface being tested has high
thermal conductivity. Conversely, a high steady state fin parameter which confirms that the tested surface or ma-
terial has low thermal conductivity. The effect of steady state fin parameter on the excess temperature becomes
pronounced at low value of the steady state fin parameter whereas the linear term dominates the behaviour of
the model solution (an axial variation of excess temperature along the cylindrical surface) at a high value of the
steady state fin parameter.

In like manner, Fig. 5 presents the simulated results of the excess temperature at specified mid-fluid tem-
perature and variable steady state fin parameters. Uniquely, the plot is useful for establishing the relationship
between the mid-fluid temperature and excess surface temperature as shown in Fig. 6. One of the benefits of
the simulation is the revelation of the mid-fluid temperature between the outer and inner cylindrical test sur-
faces for a known practical excess surface temperature, which is experimentally awkward to measure sequel to
configuration of the ITR. For the known mid-fluid temperature in Fig. 7, the practical steady state fin parameter
was fished out among the multiple values of the steady state fin parameter. Unequivocally, Fig. 7 shows that the
magnitude of true steady state fin parameter is 12 m~! for the mild steel cylindrical test surface.

Thus, thermal conductivity of the cylindrical test surface is computed in Table. 4 as 51.929 Wm 1K !
based on the definition of steady state fin parameter for a mild steel (0.1%C). The result (51.929 Wm ' K—1)
is in good agreement with the literature value of 54 Wm~'K ! [4]. This substantiates the fact that analytical
techniques is a reliable way to unveil the thermal conductivity of material amidst other established analytical
methods (inverse problem method, etc) according to Kuye et al. [8] and Ozisik [1].

Fig. 9 a displays the practical excess surface temperature variation with time. This curve simply represents
the rate of cooling of the heated outer cylindrical surface. Essentially, plotting the dimensionless excess tem-
perature along the cylindrical surface of the ITR against time in Fig. 9b yields Newtons cooling rate constant
(0.0005222 s~1) which signifies the rate of thermal dissipation through the outer cylindrical surface of the ITR
to the surroundings. A high and low cooling rate constant indicates that there is rapid and retarded rate of heat
transfer to the surrounding air, respectively.

Fig. 10 gives the thermal diffusivity of the outer cylindrical surface as 0.0000036883 (m?/s). This result
compares favourably with the literature established result (0.00000367 m?/s) according to Kochanowski et al.
[7]. This strong agreement further buttresses the fact that analytical approach for determining thermophysical
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Table 3: Measured temperature from the test surface of ITR and its surrounding ( ° C)

Time, t Interior Ambient Spatial distribution of temperature along the cylindrical surface,z,(m)
bath temp  temp

(min) (°0C) (°C) 0.00 0.05 0.10 0.20 0.30 0.79 0.96
0 138 28 88 65 51 40 36 29 29
2 127 28 84 63 51 40 36 29 29
4 116 28 80 62 50 40 36 29 29
6 108 28 75 59 49 40 36 30 30
8 100 28 71 57 48 39 36 30 30
10 93 28 67 55 47 39 36 30 30
12 87 28 64 53 45 38 35 30 30
14 82 28 61 52 44 38 35 30 30
16 77 28 58 50 43 37 35 30 30
18 72 28 55 48 42 36 34 30 30
20 69 28 53 46 41 36 34 30 30
22 65 28 51 45 40 35 33 30 30
24 62 28 50 44 39 35 33 30 30
26 59 28 48 43 38 34 33 30 30
28 57 28 47 42 37 34 32 30 30
30 55 28 46 41 37 33 32 30 30
32 53 28 44 40 36 33 32 30 30
34 51 28 43 39 35 32 31 30 30
36 49 28 42 38 35 32 31 29 29
38 48 28 41 38 34 32 31 29 29
40 46 28 40 37 34 32 31 29 29
42 45 28 39 36 33 31 30 29 29
44 44 28 38 36 33 31 30 29 29
46 42 28 38 35 32 31 30 29 29
48 41 28 37 35 32 31 30 29 29
50 40 28 37 34 32 30 30 29 29
52 40 28 36 34 31 30 30 29 29
54 39 28 36 34 31 30 29 29 29
56 38 28 35 33 31 30 29 29 29
58 38 28 35 33 31 29 29 29 29
60 37 28 34 33 30 29 29 29 29
62 36 28 34 32 30 29 29 29 29
64 36 28 34 32 30 29 29 29 29
66 35 28 33 32 30 29 29 29 29
68 35 28 33 32 30 29 29 29 29
70 34 28 33 31 30 29 29 29 29
72 34 28 32 31 29 29 29 29 29
74 34 28 32 31 29 29 29 29 29
76 33 28 32 31 29 29 29 29 29
78 33 28 32 31 29 29 29 29 29
80 33 28 32 31 29 29 29 29 29
82 32 28 32 31 29 29 29 29 29
84 32 28 31 30 29 29 29 29 29
86 32 28 31 30 29 29 29 29 29
88 32 28 31 30 29 29 29 29 29
90 32 28 31 30 29 29 29 29 29
92 31 28 31 30 29 29 29 29 29
94 31 28 31 30 29 29 29 29 29
96 31 28 31 30 29 29 29 29 29
98 31 28 31 30 29 29 29 29 29
100 31 28 31 30 29 29 29 29 29
102 30 28 30 30 29 29 29 29 29
140 28 28 28 28 28 28 28 28 28
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Fig. 4: Excess temperature distribution for various mid-fluid temperature (w; T} + woZpoo) On the outer hollow
cylindrical surface

properties of materials should be considered premium in discovering the thermal properties of materials. Fig.
8 and Fig. 11 represent the validation of experimental and simulated data. This implies that the mechanistic or
differential models were well derived from the control volume approach. A mere physical inspection of Fig. 8
and Fig. 11 without embarking on relative error analysis shows that the simulated data validated well with the
experimental result which guarantees the authenticity of the thermophysical properties derived from modelling
and simulation of the ITR.

Figs. 12- 14 display the distributed excess temperature curves on the outer cylindrical surface for the
different values of thermal distribution coefficients. The distributed excess temperature measured is juxtaposed
with the simulated ones for various conditions (6,(0,0) = 6h0, 85(0,00) = 0,6,(1,0) = 0 and §,(1,00) =0
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Fig. 5: Excess temperature distribution for various mid-fluid temperature (Excess temperature distribution for
the various fin parameters (m,) along the outer cylindrical surface.
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~ 320
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Fig. 6: Variation of mid-fluid temperature (w;T;c0 +woTns0) With the excess temperature on the outer cylindrical
surface

Table 4: Computed thermal conductivity of the cylindrical surface (a mild steel; 0.1%C)

hoo@Tooo hoi@winoo + wOTOOO Poo Poi Aco mo k= %ﬂzzjfm
(W/m?K) (W/m’K) (m) (m) m?  (1/m) (W/mK)
12.329634 2.285053 0.3345257 0.32208 0.00065 12.0 51.929

). The distribution coefficients (A, and B,) were established by applying the various conditions and solving the
quadruple equations simultaneously.

Moreover, Figs. 12- 14 indicate that there is a good agreement between the measured and simulated excess
temperature for equal magnitude of distribution coefficients. Furthermore, the present work has provided a three
dimensional coordinate system (3-D) analysis of the experimental data to support the validated BVP and IVP
curves in Figs. 4- 8 and Figs. 9- 11, respectively.

Also, the excess temperature in the inner cylindrical surface was not simulated due to the difficulty in
passing the probes into the surface. Generally, the agreement between the measured and simulated results for 2-
D and 3-D plots supports the fact that the thermophysical properties obtained by the state of the art are reliable
and compared to the well-known results in the literature.
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Fig. 7: Determination of practical fin parameter, m,(1/m) for known mid-fluid temperature, (w; Tjs0 + w07 000)
and excess temperature, ,(K) for the outer cylindrical surface
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Fig. 8: Validation of excess temperature, 6,(K) for known fin parameter, m,(1/m) and mid-fluid temperature,
(wiTi00 + woThoo) along the outer cylindrical surface

4 Conclusion

Modelling, simulation and experimentation on the ITR has been implemented. The linear excess temper-
ature coefficient of the model yielded a steady state fin parameter (12 m ™) for the outer cylindrical surface
of the ITR. The steady state fin parameter was instrumental in determining the thermal conductivity (51.929
W/mK) of the mild steel cylindrical test surface of the ITR. The thermal diffusivity (0.0000036883 m? /S)
of the mild steel cylindrical test surface was determined from the time additive solution of the thermal model.
The cooling rate (0.0005222 s~1) was experimentally determined for the mild steel test suracfe of the ITR.
The good agreement between the simulated and literature results (n/a; 54 W/mK; 0.00000367 m?/s; n/a, re-
spectively) buttresses the fact that ITR is very good for determining the thermophysical properties of materials.
Also, the thermal distribution coefficients (0.333333 - 0.492277) introduced by the current work accounted for
the good agreement between the simulated and experimental distributed models for the ITR. Thus, the equip-
ment could be confidently deployed in determining the thermophysical properties of mostly fibrous agricultural
wastes for potential use as insulators. Besides the industrial application, the modelling techniques, solutions
and experimentation could be a repository for demonstrating modelling and simulation of thermal systems.
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