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Abstract. Modelling of heat transfer through the finned hollow cylindrical surfaces of an insulation testing rig
(ITR) is the main concern of this work. A differential volume approach was employed in developing thermal
differential models. The analytical solutions of the emerging models were sought to establish the actual mathe-
matical functions governing the thermal behaviour of the cylindrical surfaces of the ITR. Moreover, modelling
and simulation was accompanied by experimentation. The mathematical functions describing the behaviour
of the ITR were made-up of Euler exponential and linear functions. The simulated results validated well with
the distributed experimental data. Besides, the thermophysical properties; fin parameter (12/m), thermal con-
ductivity (51.929 W/mK) and thermal diffusivity (0.0000036883 m2/s) of the mild steel cylindrical surfaces
were established from the analysis which in good agreement with the literature results (54 W/mK; 0.00000367
m2/s). Moreover, the thermal distribution coefficients (0.333333 ∼ 0.492247) gave rise to the solution of ther-
mal dynamic model which conformed to the experimental results. Hence, the good agreement between the
present and literature results supports that analytical technique could be employed in determining the thermo-
physical properties of materials. Moreover, the present work recommends that the ITR should be employed in
verifying the thermophysical properties of several materials.

Keywords: Modelling, model solution, simulation, heat transfer, fin parameter, thermophysical properties,
ITR.

1 Introduction

Fundamentally, insulation testing rig is a novel equipment for determining the thermophysical properties of
materials via modelling (analysis) and experimentation. The design and fabrication of insulation testing rig has
been accomplished by Nnamchi et al. [13]. The three fold design encompasses geometric, stress and thermal
designs of the equipment. The sensible behaviour of the insulation testing rig has not been systematically
investigated and needs to be accomplished through modelling and simulation of the system (ITR).

Modelling is an art of discovering the mathematical functions which characterize the real behaviour of an
engineering system. In accordance Oko [15] opined that modelling is an art of representing nature (real-world)
into mathematical terms. Moreover, Eykhoff in [18] defined a mathematical model as “a representation of the

∗ Corresponding author. E-mail address: stephen.nnamchi@kiu.ac.ug

Published by World Academic Press, World Academic Union



244 S. N. Nnamchi, O. A. Nnamchi and etc.: Modelling and Simulation of Heat Transfer

essential aspects of an existing system (or a system to be constructed) which presents knowledge of that system
in usable form”.

Precisely, thermal model is a collection of differential equations, which is capable of describing the in-
tricate behaviour of a typical engineering system [11]. Integration of the differential equations gives a closed
model solution, which is a combination or assemblage of different mathematical functions capable of predicting
the behaviour of an engineering system satisfactorily. Primarily, thermal models are formulated by application
of energy conservation principles on a differential or elemental volume of an engineering system. Explicitly,
the governing assumptions for simplifying the differential model have to be stated. According to White [23] too
many assumptions make the model solution or simulated results to appreciably deviate from the experimental
results. Thus, a good model should be developed on minimal assumption for there to be a strong agreement be-
tween the empirical and simulated results. Consequently, a minimal assumption will be considered in modelling
heat transfer through the insulation testing rig (ITR) sequel to difficulty in measuring the mid-fluid tempera-
ture between the two cylindrical surfaces. Systematically, the mid-fluid temperature will be based on individual
contribution of the inner and outer heat transfer fluid temperatures.

Conventionally, the analytical (exact or closed) solution is ideal for less complex engineering systems
like the ITR whereas the numerical solution is appropriate for more complex engineering systems. For the
purposes of precision and proof of new ideas, the analytical solution is preferred to numerical or approximate
solution. However, Creosteanu et al [3] is of view that equal accuracy is attained with a much smaller step
size of numerical iterations, which may culminate in good agreement between the analytical and numerical
results. Nevertheless, the present work is of opinion that analytical solution should be given priority in solving
the developed differential equations. In accordance, the current work will strive to provide analytical or closed
solutions to the emerging initial value problem (IVP), boundary value problem (BVP) and distributed problem
(IBVP) upon superposition of IVP and BVP.

Pertinently, the specific solution is to be obtained by careful description of the initial condition and bound-
ary conditions such as Dirichlet (first kind boundary condition), Neumann (second kind boundary condition)
and Newton (third kind boundary condition) which represent the potential, flux and mixture of potential and
flux, respectively [2]. The specific model solution will be useful for simulation, which has an added advantage
of presenting a detailed information about the engineering system being considered. However, experimentation
is necessary for the validation of simulated results from the model solution [22]. Hence, modelling and simula-
tion cannot standalone; it must be accompanied by measurement (experimentation). In compliance, the present
work will present both experimental and simulated data for the holistic analysis of the ITR.

Consequently, the important thermal properties of the system (ITR) could be derived from the post pro-
cessing of the experimental and simulated data. Therefore, the present work is expected to unveil or derive the
thermal conductivity from the fin parameter and thermal diffusivity of the bare cylindrical test surface of the
ITR or that of an overlaid insulating material on the ITR from the time additive solution of the thermal model.
Moreover, the benefit of modelling and simulation of an engineering systems goes beyond the art of discovering
the physical properties of the system; it furnishes information which are difficult to access by measurement as a
result of restriction on the system configuration. Similar challenge will be encountered in the ITR in measuring
the mid-fluid temperature between the concentric cylindrical test surfaces. Besides, modelling and simulation of
ITR offers an analytical technique for determining the thermal conductivity and diffusivity of materials which
does not require sophisticated equipment nor special test condition compared to other test techniques or equip-
ment like heat flow meter [5], guarded heat flow meters [19], guarded hot plate instrument [10], flash diffusivity
methods [12], calibrated hot box [9], and inverse problem method [8].

Thus, the present work is aimed at; developing mechanistic or differential thermal models capable of
describing the behaviour of the ITR, solving the emerging differential models, validating the model solution
and deducing the thermophysical properties of the mild steel surface or an overlaid material(s). The rest of
the synopsis is; materials and method with experimentation and model formulation inclusively; the detailed
discussion of the results; conclusion on the detailed results; and the references.
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2 Materials and method

The proposed state of the art requires availability of the following materials: an insulation testing rig (ITR),
digital multimeters (thermocouples), vernier caliper, measuring tape, stop watch, electrical heater, marker and
rubber clips for the experimentation; formulation of mathematical model and simulation of the thermal fluxes
(conductive and convective) around the cylindrical surface of the ITR.

2.1 Experimentation

The cylindrical surface of the ITR was fitted with five UNI-T (UT33C+) and one Allsun (EM420A) dig-
ital multimeters (thermocouples) to measure the spatial temperature distribution along the cylindrical surface,
while the seventh thermocouple, UNI-T (UT33C+) was permanently inserted into the finned bath for measuring
temperature of the interior working fluid (air), whereas the eighth and last multimeter UNI-T (UT33C+ ther-
mocouple) was used to measure the temperature of an external working fluid (air). A stainless vernier caliper
(TOKYO) was used to gauge the diameter of the cylindrical surfaces. The measuring tape (AMS56 50m Tape
measure) and marker (MK-MP10) was used to calibrate temperature measuring points. The tips of the multime-
ter were fastened on the cylindrical surface with the aid of the rubber clips. The experimental data were logged
while cooling the heated ITR. Temperature was recorded on two minutes interval until a steady state condition
was almost attained at 2.34 hours (≈ 2:20:30). The experimental setup is pictorially represented in Fig. 1.

Fig. 1: Insulation testing rig with a projected cylindrical test surface.
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2.2 Model formulation

Considering energy balance around the concentric cylindrical differential volume in Fig. 2 and Fig. 3;
component energy balance equation or uncoupled thermal model will be developed. The component balance
constitutes energy balance on the outer (o) and inner (i) cylinders.

Analytically, the thermal potential is varying in space (x-axis) and time; it is well-known as the excess
temperature between the cylindrical surface and fluid surrounding them.

The thermal fluxes consist of conductive thermal flux (Qx) which flows in the direction perpendicular to
the cross sectional area whereas the convective flux (dQ) flows perpendicular to the curved surface or perimeter
of the cylinders.

Fig. 2: Vectorial representation of heat flux on the cylindrical surface of an insulation testing rig.

The thermal transport between the two cylindrical bodies results in uncoupled heat transfer equations. The
unsteady state excess temperature balance along the cylindrical surface is expressed in Eq. (2) as follows:

Energy accumulation within the cylindrical surface = energy input across the cylindrical surface
- energy output across the cylindrical surface.

(1)

Thermal balance at the outer cylinder is given in Eqs. (2) and (2) as

Acoρ cp
∂θo
∂t

= kAco
∂2θo
∂x2

− hooPooθo + hoiPoi [(ωiTi∞ + (ωo − 1)To∞)− θo] (2)

where
θo = Tso − To∞; (ωiTi∞ + (ωo − 1)To∞)− θo = ωiTi∞ + ωoTo∞ − Tso (3)

where Aco(m
2)is the cross sectional area of the outer cylinderical surface available to the conductive thermal

flux, θo(K) is the excess temperature along the outer cylindrical surface, (kg/m3) is the density of the cylin-
drical surface, cp(kJ/kgK) is the heat capacity of the cylindrical surface, t(s) is the time required for the
heat transfer, k(W/mK) is the thermal conductivity of the cylindrical surface, x(m) is the dimension in x-axis,
hoo(W/m2K) is the convective heat transfer coefficient between the outer cylinder and ambient, hoi(W/m2K)
is the convective heat transfer coefficient between the outer cylinder and mid-fluid, To∞(K) is the ambient tem-
perature, Ti∞(K) is the fluid temperature within the inner cylindrical surfaces, Poo(m) is the perimeter of the
outer surface of outer cylinder available to convective heat flux, Poi(m) is the perimeter of the inner surface
of outer cylinder available to convective heat flux, ωi(−) and ωo(−) is the individual contribution of Ti∞ and
To∞, respectively to the mid-fluid temperature, Tso is the temperature of the outer cylindrical surface, and Tsi

is the temperature of the inner cylindrical surface.
Similarly, thermal balance around the inner cylinder is expressed in Eqs. (4) and (5) is as follows:
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Aciρ cp
∂θi
∂t

= kAci
∂2θi
∂x2

− hioPioθi + hiiPii [(1− ωi)Ti∞ − ωoTo∞ − θi] (4)

where
θi = Tsi − (ωiTi∞ + ω0T0∞) ; (1− ωi)Ti∞ − ωoTo∞ − θi = Ti∞ − Tsi (5)

where Aci(m
2) is the cross sectional area of the inner cylinder available to the conductive thermal flux,

θi(K) is the excess temperature along the inner cylindrical surface, hii(W/m2K) is the convective heat transfer
coefficient below the inner cylinder, hio(W/m2K) is the convective heat transfer coefficient between the inner
cylinder and mid-fluid, Pii(m) is the perimeter of the inner surface of the inner cylinder cylinder available to
convective heat flux and Pio(m) is the perimeter of the outer surface of the inner cylinder available to convective
heat flux.

Fig. 3: The differential volume of thermal flux on the cylindrical surfaces

Rearranging Eqs. (2) and (4) yields Eq. (6) for the outer cylindrical surface

∂θo
∂t

=
k

ρcp

∂2θo
∂x2

− hooPoo

Acoρcp
θo +

hoiPoi

Acoρcp
[(ωiTi∞ + (ωo − 1)To∞)− θo] (6)

and Eq. (7) for the inner cylindrical surface

∂θi
∂t

=
k

ρcp

∂2θi
∂x2

− hioPio

Aciρcp
θi +

hiiPii

Aciρcp
[(1− ωi)Ti∞ − ωoTo∞ − θi] (7)

respectively.
The thermal diffusivity, α(m2/s) of the mild steel cylindrical surface is defined in Eq. (8) as follows:

α =
k

ρcp
(8)

and the unsteady state fin parameter, n2
o(1/s) for the outer cylindrical surface is given in Eq. (9) as

n2
o =

hooPoo + hoiPoi

Acoρ cp
;n∗

o =
hoiPoi

Acoρ cp
(ωiTi∞ + (ωo − 1)To∞) (9)
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and the unsteady state fin parameter, n2i for the inner cylindrical surface is stated in Eq. (10) as follows:

n2i =
hiiPii + hioPio

Aciρ cp
;n∗i =

hiiPii
Aciρ cp

((1− ωi)Ti∞ − ωoTo∞) (10)

where n∗o and n∗i is unsteady state nonlinear heat source term in Eqs. (6) and (7), respectively.
Also, imposing steady state condition to Eqs. (6) and (7) gives Eq. (11)

d2θo
dx2

− hooPoo
Acok

θo +
hoiPoi
Acok

[(ωiTi∞ + (ωo − 1)To∞)− θo] (11)

and Eq. (12)
d2θi
dx2
− hioPio

Acik
θi +

hiiPii
Acik

[(1− ωi)Ti∞ − ωoTo∞ − θi] (12)

respectively.
Letting

m2
o =

hooPoo + hoiPoi
Acok

;m∗o =
hoiPoi
Acok

(ωiTi∞ + (ωo − 1)To∞) (13)

in Eq. (13) and

m2
i =

hiiPii + hioPio
Acik

;m∗i =
hiiPii
Acik

((1− ωi)Ti∞ − ωoTo∞) (14)

in Eq. (14).
where m2

o and m2
i is fin parameter at steady state condition, m∗o and m∗i is nonlinear heat source terms in

Eqs. (11) and (12), respectively.
Then, Eq. (11) is rewritten in Eq. (15) as

d2θo
dx2

−m2
oθo +m∗o = 0 (15)

and Eq. (12) is simplified in Eq. (16) as

d2θi
dx2
−m2

i θi +m∗i = 0 (16)

Thus, a fin parameter for the steady state condition (m2
o) is related to the one for unsteady state condition (n2o)

in Eq. (17) for the outer cylindrical surface as

m2
o =

n2o
α

;m∗o =
n∗o
α

; =⇒ α =
n2o
m2
o

=
n∗o
m∗o

(17)

and in Eq. (18) for the inner cylindrical surface as

m2
i =

n2i
α

;m∗i =
n∗i
α

; =⇒ α =
n2i
m2
i

=
n∗i
m∗i

(18)

Solving the boundary value problem (BVP) origninating from Eq. (15) for a complementary (homoge-
neous) solution and particular (nonhomogeneous) solution by method of undetermined coefficient yields the
general solution of Eq. (15) in Eq. (19) as follows:

θo (x) = C1oe
mox + C2oe

−mox +
m∗o
m2
o

(19)

Similarly, solving the BVP in Eq. (16) for both complementary solution and particular solution by method
of undetermined coefficient gives the general solution of Eq. (16) in Eq. (20) as

θi (x) = C1ie
mix + C2ie

−mix +
m∗i
m2
i

(20)

WJMS email for contribution: submit@wjms.org.uk



World Journal of Modelling and Simulation, Vol. 15 (2019) No. 3, pp. 243-261 249

The specific solution of Eqs. (19) and (20) is obtained by imposing experimentally supported boundary condi-
tions as depicted in Fig. 2 and in Eq. (21) for the outer cylindrical surface

θo (x = 0) = θbo0; θo (x = l) = θol (21)

and in Eq. (22) for the inner cylindrical surface

θi (x = 0) = θbi0;
dθi (x = l)

dx
=
hi
k
θil (22)

Then, Eq. (19) is defined in Eq. (23) as

θo (x) =
θbo0 +(m∗o/m2

o)(emol−1)−θ0lemol

1−e2mol emox +
θbo0 +(m∗o/m2

o)(e−mol−1)−θ0le−mol

1−e−2mol
e−mox + m∗o

m2
o

⇒ θo (x) =
θbo0 +(m∗o/m2

o)(emol−1)−θ0lemol

1−e2mol emox +
θbo0 +(m∗o/m2

o)(e−mol−1)−θ0le−mol

1−e−2mol
e−mox

+hoiPoi (ωiTi∞+(ωo−1)To∞)
hooPoo+hoiPoi

(23)

whereas Eq. (20) conforms to Eq. (24)

θi (x) = C1ie
mix + C2ie

−mix +m∗i
/
m2
i

θi (x) =
(θbi0−m∗i /m2

i ) e−mil+hioθil/mik
(emil+e−mil)

emix +
(θbi0−m∗i /m2

i ) emil−hioθil/mik
(emil+e−mil)

e−mix

+hiiPii((1−ωi)Ti∞−ωoTo∞)
hiiPii+hioPio

(24)

Substituting Eqs. (8)-(10) into Eqs. (6) and (7) gives the simplified form of Eqs. (6) and (7) in Eq. (25)

∂θo
∂t

= α
∂2θo
∂x2

− n2oθo + n∗o; =⇒ 1

α

∂θo
∂t

=
∂2θo
∂x2

−m2
oθo +m∗o (25)

and Eq. (26)
∂θi
∂t

= α
∂2θi
∂x2

− n2i θi + n∗i ; =⇒ 1

α

∂θi
∂t

=
∂2θi
∂x2

−m2
i θi +m∗i (26)

respectively.
The solution of Eqs. (25) and (26) is sought by method of additive separation in Eq. (27) for the outer

cylindrical surface

θo (x, t) = ϕo (t) + ψo (x) ;
∂θo
∂t

=
dϕo
dt

;
∂θo
∂x

=
dψo
dx

;
∂2θo
∂x2

=
d2ψo
dx2

(27)

and Eq. (28) for the inner cylindrical surface

θi (x, t) = ϕi (t) + ψi (x) ;
∂θi
∂t

=
dϕi
dt

;
∂θi
∂x

=
dψi
dx

;
∂2θi
∂x2

=
d2ψi
dx2

(28)

For the initial conditions in Eq. (29)

θo (x, 0) = θbo0; θi (x, 0) = θbi0∀ 0 ≤ x ≤ l (29)

Substituting Eqs. (27) and (28) into Eqs. (25) and (26), respectively gives separable functions in terms of time
and space with the separation constants λΓo , λ

Γ
i in Eq. (30) for the outer mild steel cylindrical surface [6]

1
α
dϕo(t)
dt +m2

o
ϕo (t)− λΓ

o
= 0 ; ⇒ dϕo(t)

dt + αm2
o
ϕo (t)− αλΓ

o
= 0; d

2ψo(x)
dx2

−m2
oψo (x) +m∗o − λΓo = o;

∃ Γ = 1, 2, · · · , ∞ (arbitrary integer number)
(30)

and Eq. (31) for the inner cylindrical surface
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1
α
dϕi(t)
dt +m2

i
ϕi (t)− λΓ

i
= 0 ; ⇒ dϕi(t)

dt + αm2
i
ϕi (t)− αλΓ

i
= 0; d

2ψi(x)
dx2

−m2
iψi (x) +m∗i − λΓi = o;

∃ Γ = 1, 2, · · · , ∞ (arbitrary integer number)
(31)

respectively.
Solving the time dependent function in Eqs. (30) and (31) by method of integrating factor and imposing

initial condition yields Eq. (32) for the outer cylindrical surface on cooling basis

ϕo (t) = θbo0 e
−αm2

ot +
λΓ
o

m2
o

(
1− e−αm2

ot
)

(32)

and Eq. (33) for the inner cylindrical surface on a cooling basis

ϕi (t) = θbi0 e
−αm2

i t +
λΓ
i

m2
i

(
1− e−αm2

i t
)

(33)

respectively.
Also, solving the space dependent function in Eqs. (30) and (31) for both homogeneous and nonhomoge-

neous solutions and imposing the boundary conditions gives the specific closed solution of Eq. (30) in Eq. (34)
as

ψo (x) =
θbo0 +((m∗o−λΓo )/m2

o)(emol−1)−θ0lemol

1−e2mol emox

+
θbo0 +((m∗o−λΓo )/m2

o)(e−mol−1)−θ0le−mol

1−e−2mol
e−mox +

m∗o−λΓo
m2
o

(34)

and that of Eq. (31) is given in Eq. (35) as

ψi (x) =
(θbi0−(m∗i−λΓi )/m2

i ) e−mil+hioθil/mik
(emil+e−mil)

emix

+
(θbi0−(m∗i−λΓi )/m2

i ) emil−hioθil/mik
(emil+e−mil)

e−mix
(35)

The eigenvalue, λo,k; k = 1, 2, ...,∞ in Eqs. (31) and (32) is obtained by transcendental equation [1] for the
boundary conditions specified in Fig. 2 is expressed in Eq. (36) as

λo,k tan (λo,kloo) =
h io,bath
kmaterial

(36)

Similarly, the eigenvalue, λi,k; k = 1, 2, ...,∞ in Eqs. (31) and (32) is computed by the transcendental equation
[1] for the boundary conditions specified in Fig. 2 is written in Eq. (37) as

λi,k tan (λi,klii) =
h ii,bath
kmaterial

(37)

A specific solution to Eq. (25) is proposed to be governed by different contributions from IVP and BVP for the
outer cylindrical surface in Eq. (38)

θo (x, t) = Aoϕo (t) +Boψo (x) =

Ao

(
θbo0 e

−αm2
ot

+
λΓo
m2
o

(
1− e−αm2

ot
) )+Bo


θbo0 +((m∗o−λΓo )/m2

o)(emol−1)−θ0lemol

1−e2mol emox

+
θbo0 +((m∗o−λΓo )/m2

o)(e−mol−1)−θ0le−mol

1−e−2mol
e−mox

+
m∗o−λΓo
m2
o

 (38)

and similar solution to Eq. (26) is given in Eq. (39) for the inner cylindrical surface

θi (x, t) = Aiϕi (t) +Bi ψi (x) =

Ai

(
θboi e

−αm2
i t

+
λΓ
i

m2
i

(
1− e−αm2

i t
) )+Bi


(θbi0−(m∗i−λΓi )/m2

i ) e−mil+hioθil/mik
(emil+e−mil)

emix

+
(θbi0−(m∗i−λΓi )/m2

i ) emil−hioθil/mik
(emil+e−mil)

e−mix

+
m∗i−λΓi
m2
i

 (39)
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where Ao and Bo are thermal distribution coefficients of IVP and BVP in Eq. (40), respectively. The thermal
distribution coefficients Ao and Bo in Eq. (40) are established by the principal condition; θo (0, 0) = θ

bo0

θo (0, 0) = Aoϕo0 +Bo ψo0 = θ
bo0

(40)

and minor conditions; θo (0,∞) = 0; θo (l, 0) = 0 and θo (l,∞) = 0 in Eq. (41) as follows:

θo (0,∞) = Aoϕo∞ +Bo ψo0 = 0; θo (l, 0) = Aoϕo0 +Bo ψol = 0; θo (l,∞) = Aoϕo∞ +Bo ψol = 0 (41)

Combining Eqs. (40) and (41) yields the thermal distribution coefficient Ao in Eq. (42)

Ao =
θ
bo0
ψo0

(ϕo0 − 2ϕo∞)
(
ψo0 +

ψo0ϕo0
ϕo0−2ϕo∞

) (42)

and Bo in Eqs. (43)

Bo =
θ
bo0(

ψo0 +
ψo0ϕo0

ϕo0−2ϕo∞

) (43)

Remarkably, ϕo∞ = 0,⇒ Ao = Bo = 0.5 thus, there is existence of a true solution, θo (x, t)∃Ao = Bo ≤ 0.5.
Similarly, Ai and Bi could be established by the same technique.

2.2.1 Parameter estimation

The perimeter of the inner and outer surfaces of the out cylinder in Eq. (44) is defined as follows:

Poo = πDoo;Poi = πDoi (44)

whereas the perimeter of the inner and outer surfaces of the inner cylinder in Eq. (45) is well-defined as

Pii = πDii;Pio = πDio (45)

The cross sectional area available for conduction at the outer cylinder is given in Eq. (46) as

Aco =
π

4

(
D2
oo −D2

oi

)
(46)

The cross sectional area available for conduction at the inner cylinder is written in Eq. (47) as

Aci =
π

4

(
D2
io −D2

ii

)
(47)

where D is the diameter of the cylindrical geometry.
According to Nnamchi et al. [13] and Nnamchi et al. [14] the external heat transfer coefficient at the outer

cylinder is expressed in Eq. (48) as

hoo =
kair
Doo

(
0.193 Re0.618Doo Pr1/3

)
∃ Pr ≥ 0.70, 4000 ≤ Doo ≤ 40000 (48)

whereas the internal heat transfer coefficient on the horizontal surface [20, 21] is stated in Eqs. (49)-(51) as
follows:

hoi ≈ kair
Doi

{
0.60 +

0.387Ra
1/6
Doi

[1+(0.559/Pr)9/16] 8/27

}2

for 10−1 < RaDoi < 1012,

RaDoi = GrDoi Pr; GrDoi = g (Doi)
3β [(ωiTii+ωoToo)−Tso]

µ2/ρ2
, Pr =

µair cpair
kar

(49)

and

hio ≈ kair
Dio

{
0.60 +

0.387Ra
1/6
Dio

[1+(0.559/Pr)9/16] 8/27

}2

for 10−1 < RaDio < 1012,

RaDio = GrDio Pr; GrDio = g (Dio)
3β [Tsi−(ωiTii+ωoToo)]

µ2/ρ2
, Pr =

µair cpair
kair

(50)
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and

hii ≈ kair
Dii

{
0.60 +

0.387Ra
1/6
Dii

[1+(0.559/Pr)9/16] 8/27

}2

for 10−1 < RaDii < 1012,

RaDii = GrDii Pr; GrDii = g (Dii)
3β (Tsi−Ti∞)
µ2/ρ2

, Pr =
µair cpair

kair

(51)

Also, the convecctive heat transfer coefficient in the bath is given in Eqs. (52) and (53) [14] as

hii,bath ≈ kair
lii

{
0.825 +

0.387Ra
1/6
lii

[1+(0.492/Pr)9/16] 8/27

}2

for 10−1 < Ra
lii
< 1012,

Ra
lii

= Gr
lii

Pr; Gr
lii

= g (lii)
3β (Ti∞−Tsi)
µ2/ρ2

, Pr =
µair cpair

kair

(52)

and

hio,bath ≈ kair
lio

{
0.825 +

0.387Ra
1/6
lio

[1+(0.492/Pr)9/16] 8/27

}2

for 10−1 < Ra
lio
< 1012,

Ra
lio

= Gr
lio

Pr; Gr
lio

= g (lio)
3β ((ωiTi∞+ωoTo∞)−Tso)

µ2/ρ2
, Pr =

µair cpair
kair

(53)

where k(W/mK) is the thermal conductivity, Pr(−) is Prandtl number, Ra(−) is Rayleigh
number,h(W/m2K) is the convective heat transfer coefficient, Gr(−) is Grashoff number, l(m) is the length
or dimension of the bath, (m/s2) is the gravitational constant, and the thermophysical properties of the fluids
found in Eqs. (48) - (53) are defined by mathematical correlation in Table. 1 [14, 16, 17].

3 Discussion and results

The presentation of results and subsequent discussion of the results is carefully articulated in this section.

3.1 The input data

Table 1: Thermal properties of the working fluids (air and water) at the fluid temperature
S] Parameter Unit Equation

Air Water
1. Temperature coefficient,β

(
1
K

)
1

To∞
(or 1

Ti∞
) 1

To∞

2. Density,ρ kg
m3 ρ = 2.1313− 0.003To∞

ρ = 754.3079871 + 1.8813
2843Ti∞ − 0.0035831T2

i∞

3. Viscosity,µ kg
ms

µ = 1.03× 10−6+7× 10−8To∞
−4× 10−11T 2

o∞

µ = 146039867076.91T−5.74
i∞

4. Heat capacity, cp
J/kgK;
KJ/kgK∗

cp = 1031.31− 0.2047To∞
+0.00042T 2

o∞

cp∗ = 5.476− 0.008178
Ti∞ + 0.000013T 2

i∞

5. Thermal conductivity, k W
mK k = 0.0121e(0.0025To∞) k = 0.0223T 0.5802

i∞
6. Air speed, u m

s 1.4

Table. 1 is the summary of the thermal properties of the heat transfer fluids employed in the experi-
mentation and in computing the numerical values of the working fluids properties. The characteristic roots or
eigenvalue of the transcendental equations (Eqs. (36) and (37) commensurate to the boundary conditions in Fig.
2 have been solved by Ozisik [1] for the first six roots. However, the results are made handy by transforming
them into regression models in Table. 2 for the wide range of ratio of convective heat transfer coefficient to the
thermal conductivity of the material (mild steel sheet). The regression coefficient, R2 in Table. 2 portrays that
there is strong correlation among the separation constants since R2 is virtually unity for the models.

3.2 Results

Table. 2 presents the experimental results (cooling data) obtained from the operation of the ITR.
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Table 2: The separation constants of transcendental equations (Eqs. (36) and (37))
S] Root of transcendental equation Regression

coefficient, R2

1.
λ6 ≈ 15.705980232456 + 0.069430947598 (h/k)

−0.001647564096 (h/k)
2

+ 0.000021069658 (h/k)
3

−0.000000135856 (h/k)
4

+ 0.000000000345(h/k)
5

1.0000

2. λ5 ≈ −51.833 + 6.9285λ6−0.1801λ26 1.0000
3. λ4 ≈ −123.21 + 15.253λ6−0.4335λ6

2 1.0000
4. λ3 ≈ −223.16 + 27.086λ6 − 0.7944λ6

2 0.9978

5. λ2 ≈ Exp
(
−26.833 + 27.259 ln (λ3)−6.5473 (ln (λ3))

2
)

;λ3 > 0 0.9986

6. λ1 ≈ Exp
[
−0.1546 + 0.3514 ln (h/k) − 0.00496 (ln (h/k))

2 − 0.0042 (ln ((h/k)))
3

+0.0006 (ln (h/k))
4

+ 0.00008 (ln (h/k))
5

]
; 1.0000

h/k > 0.

3.3 Discussion

Pertinently, Fig. 4 and Fig. 5 reveal the mathematical functions governing the real behaviour of the ITR;
the excess temperature for the various mid-fluid temperatures and fixed steady state fin parameter; and the
excess temperature for variable steady state fin parameters and fixed mid-fluid temperature, respectively. The
mathematical functions are made up of Euler exponential functions associated to the homogeneous solution of
the inherent boundary value problem (BVP) and linear function emanating from the nonhomogeneous solution
of the differential or mechanistic equations of BVP.

Similarly, both mathematical functions characterized the solution of initial value problem (IVP).
Significantly, a low steady state fin parameter indicates that the material or surface being tested has high

thermal conductivity. Conversely, a high steady state fin parameter which confirms that the tested surface or ma-
terial has low thermal conductivity. The effect of steady state fin parameter on the excess temperature becomes
pronounced at low value of the steady state fin parameter whereas the linear term dominates the behaviour of
the model solution (an axial variation of excess temperature along the cylindrical surface) at a high value of the
steady state fin parameter.

In like manner, Fig. 5 presents the simulated results of the excess temperature at specified mid-fluid tem-
perature and variable steady state fin parameters. Uniquely, the plot is useful for establishing the relationship
between the mid-fluid temperature and excess surface temperature as shown in Fig. 6. One of the benefits of
the simulation is the revelation of the mid-fluid temperature between the outer and inner cylindrical test sur-
faces for a known practical excess surface temperature, which is experimentally awkward to measure sequel to
configuration of the ITR. For the known mid-fluid temperature in Fig. 7, the practical steady state fin parameter
was fished out among the multiple values of the steady state fin parameter. Unequivocally, Fig. 7 shows that the
magnitude of true steady state fin parameter is 12 m−1 for the mild steel cylindrical test surface.

Thus, thermal conductivity of the cylindrical test surface is computed in Table. 4 as 51.929 Wm−1K−1

based on the definition of steady state fin parameter for a mild steel (0.1%C). The result (51.929 Wm−1K−1)
is in good agreement with the literature value of 54 Wm−1K−1 [4]. This substantiates the fact that analytical
techniques is a reliable way to unveil the thermal conductivity of material amidst other established analytical
methods (inverse problem method, etc) according to Kuye et al. [8] and Ozisik [1].

Fig. 9 a displays the practical excess surface temperature variation with time. This curve simply represents
the rate of cooling of the heated outer cylindrical surface. Essentially, plotting the dimensionless excess tem-
perature along the cylindrical surface of the ITR against time in Fig. 9b yields Newtons cooling rate constant
(0.0005222 s−1) which signifies the rate of thermal dissipation through the outer cylindrical surface of the ITR
to the surroundings. A high and low cooling rate constant indicates that there is rapid and retarded rate of heat
transfer to the surrounding air, respectively.

Fig. 10 gives the thermal diffusivity of the outer cylindrical surface as 0.0000036883 (m2/s). This result
compares favourably with the literature established result (0.00000367 m2/s) according to Kochanowski et al.
[7]. This strong agreement further buttresses the fact that analytical approach for determining thermophysical
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Table 3: Measured temperature from the test surface of ITR and its surrounding ( ◦ C)
Time, t Interior

bath temp
Ambient
temp

Spatial distribution of temperature along the cylindrical surface,xo(m)

(min) ( ◦ C) ( ◦ C) 0.00 0.05 0.10 0.20 0.30 0.79 0.96
0 138 28 88 65 51 40 36 29 29
2 127 28 84 63 51 40 36 29 29
4 116 28 80 62 50 40 36 29 29
6 108 28 75 59 49 40 36 30 30
8 100 28 71 57 48 39 36 30 30
10 93 28 67 55 47 39 36 30 30
12 87 28 64 53 45 38 35 30 30
14 82 28 61 52 44 38 35 30 30
16 77 28 58 50 43 37 35 30 30
18 72 28 55 48 42 36 34 30 30
20 69 28 53 46 41 36 34 30 30
22 65 28 51 45 40 35 33 30 30
24 62 28 50 44 39 35 33 30 30
26 59 28 48 43 38 34 33 30 30
28 57 28 47 42 37 34 32 30 30
30 55 28 46 41 37 33 32 30 30
32 53 28 44 40 36 33 32 30 30
34 51 28 43 39 35 32 31 30 30
36 49 28 42 38 35 32 31 29 29
38 48 28 41 38 34 32 31 29 29
40 46 28 40 37 34 32 31 29 29
42 45 28 39 36 33 31 30 29 29
44 44 28 38 36 33 31 30 29 29
46 42 28 38 35 32 31 30 29 29
48 41 28 37 35 32 31 30 29 29
50 40 28 37 34 32 30 30 29 29
52 40 28 36 34 31 30 30 29 29
54 39 28 36 34 31 30 29 29 29
56 38 28 35 33 31 30 29 29 29
58 38 28 35 33 31 29 29 29 29
60 37 28 34 33 30 29 29 29 29
62 36 28 34 32 30 29 29 29 29
64 36 28 34 32 30 29 29 29 29
66 35 28 33 32 30 29 29 29 29
68 35 28 33 32 30 29 29 29 29
70 34 28 33 31 30 29 29 29 29
72 34 28 32 31 29 29 29 29 29
74 34 28 32 31 29 29 29 29 29
76 33 28 32 31 29 29 29 29 29
78 33 28 32 31 29 29 29 29 29
80 33 28 32 31 29 29 29 29 29
82 32 28 32 31 29 29 29 29 29
84 32 28 31 30 29 29 29 29 29
86 32 28 31 30 29 29 29 29 29
88 32 28 31 30 29 29 29 29 29
90 32 28 31 30 29 29 29 29 29
92 31 28 31 30 29 29 29 29 29
94 31 28 31 30 29 29 29 29 29
96 31 28 31 30 29 29 29 29 29
98 31 28 31 30 29 29 29 29 29
100 31 28 31 30 29 29 29 29 29
102 30 28 30 30 29 29 29 29 29
... ... ... ... ... ... ... ... ... ...
140 28 28 28 28 28 28 28 28 28
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Fig. 4: Excess temperature distribution for various mid-fluid temperature (ωiTi∞+ω0T0∞) on the outer hollow
cylindrical surface

properties of materials should be considered premium in discovering the thermal properties of materials. Fig.
8 and Fig. 11 represent the validation of experimental and simulated data. This implies that the mechanistic or
differential models were well derived from the control volume approach. A mere physical inspection of Fig. 8
and Fig. 11 without embarking on relative error analysis shows that the simulated data validated well with the
experimental result which guarantees the authenticity of the thermophysical properties derived from modelling
and simulation of the ITR.

Figs. 12- 14 display the distributed excess temperature curves on the outer cylindrical surface for the
different values of thermal distribution coefficients. The distributed excess temperature measured is juxtaposed
with the simulated ones for various conditions (θo(0, 0) = θbo0, θo(0,∞) = 0, θo(1, 0) = 0 and θo(1,∞) = 0
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Fig. 5: Excess temperature distribution for various mid-fluid temperature (Excess temperature distribution for
the various fin parameters (mo) along the outer cylindrical surface.

Fig. 6: Variation of mid-fluid temperature (ωiTi∞+ω0T0∞) with the excess temperature on the outer cylindrical
surface

Table 4: Computed thermal conductivity of the cylindrical surface (a mild steel; 0.1%C)
hoo@To∞ hoi@ωiTi∞ + ω0T0∞ Poo Poi Aco m0 k = hooPoo+hoiPoi

m2
oAco

(W/m2K) (W/m2K) (m) (m) (m2) (1/m) (W/mK)
12.329634 2.285053 0.3345257 0.32208 0.00065 12.0 51.929

). The distribution coefficients (Ao and Bo) were established by applying the various conditions and solving the
quadruple equations simultaneously.

Moreover, Figs. 12- 14 indicate that there is a good agreement between the measured and simulated excess
temperature for equal magnitude of distribution coefficients. Furthermore, the present work has provided a three
dimensional coordinate system (3-D) analysis of the experimental data to support the validated BVP and IVP
curves in Figs. 4- 8 and Figs. 9- 11, respectively.

Also, the excess temperature in the inner cylindrical surface was not simulated due to the difficulty in
passing the probes into the surface. Generally, the agreement between the measured and simulated results for 2-
D and 3-D plots supports the fact that the thermophysical properties obtained by the state of the art are reliable
and compared to the well-known results in the literature.
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Fig. 7: Determination of practical fin parameter, mo(1/m) for known mid-fluid temperature, (ωiTi∞+ω0T0∞)
and excess temperature, θo(K) for the outer cylindrical surface

Fig. 8: Validation of excess temperature, θo(K) for known fin parameter, mo(1/m) and mid-fluid temperature,
(ωiTi∞ + ω0T0∞) along the outer cylindrical surface

4 Conclusion

Modelling, simulation and experimentation on the ITR has been implemented. The linear excess temper-
ature coefficient of the model yielded a steady state fin parameter (12 m−1) for the outer cylindrical surface
of the ITR. The steady state fin parameter was instrumental in determining the thermal conductivity (51.929
W/mK) of the mild steel cylindrical test surface of the ITR. The thermal diffusivity (0.0000036883 m2/s)
of the mild steel cylindrical test surface was determined from the time additive solution of the thermal model.
The cooling rate (0.0005222 s−1) was experimentally determined for the mild steel test suracfe of the ITR.
The good agreement between the simulated and literature results (n/a; 54 W/mK; 0.00000367 m2/s; n/a, re-
spectively) buttresses the fact that ITR is very good for determining the thermophysical properties of materials.
Also, the thermal distribution coefficients (0.333333 - 0.492277) introduced by the current work accounted for
the good agreement between the simulated and experimental distributed models for the ITR. Thus, the equip-
ment could be confidently deployed in determining the thermophysical properties of mostly fibrous agricultural
wastes for potential use as insulators. Besides the industrial application, the modelling techniques, solutions
and experimentation could be a repository for demonstrating modelling and simulation of thermal systems.
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Fig. 9: Measured excess temperature history on the outer cylindrical surface

Fig. 10: Measurement of thermal diffusivity of the cylindrical surface

Fig. 11: Validation of excess temperature on the outer cylindrical surface
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Fig. 12: Distributed excess temperature curves for Ao = Bo = 0.492247

Fig. 13: Distributed excess temperature curves for Ao = Bo = 0.39976

Fig. 14: Distributed excess temperature curves forAo = Bo = 0.333333
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